Abstract-In this paper, from an information theory point of view, we investigate the performance of a coherent freespace optical (FSO) communication system with multiple receive apertures over atmospheric turbulence channels. Our study builds on a recently introduced statistical model that characterizes the combined effects of turbulence-induced wavefront distortion and amplitude fluctuation in coherent receivers with phase compensation. We investigate the link reliability as quantified by "diversity gain" and the relationship between the link reliability and the spectral efficiency as quantified by "diversity-multiplexing trade-off (DMT)." Our results provide insight into the performance mechanisms of coherent FSO systems and demonstrate significant performance gains that can be obtained through the deployment of multiple receive apertures and phase compensation techniques.
I. INTRODUCTION
F ree-space optical (FSO) communication [1] refers to optical transmission over the atmosphere through the use of either lasers or light-emitting diodes (LEDs). As a licensefree, cost-effective, and easy-to-install alternative to fiber optics, FSO systems have attracted attention as an efficient solution for a wide range of applications [2] . Based on the type of detection, FSO systems can be categorized as either noncoherent (direct detection) or coherent (heterodyne detection) systems. In heterodyne systems, the receiver mixes the incoming optical field with a local oscillator (LO) field and then photodetects the combined wave. In comparison to intensity modulation/direct detection (IM/DD) systems, heterodyne receivers are more difficult to implement since the LO field should be spatially and temporally coherent with the received field. However, they provide more flexibility as any kind of amplitude, frequency, or phase modulation can be used in these systems. Furthermore, they can provide significant performance enhancements due to spatial temporal selectivity and heterodyne gain [3] .
A major performance impairment in FSO links is atmospheric turbulence-induced fading. A typical fade can last milliseconds, and, considering that FSO links operate at the speed of several gigabits/second, a single fade can result in the loss of a large number of consecutive bits. Spatial diversity techniques are commonly used to mitigate the degrading effects of fading. This type of diversity involves the use of multiple transmit and/or receive apertures and has been investigated in detail for IM/DD systems; see, e.g., [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and the references therein. However, the current literature on coherent FSO systems with spatial diversity is sparse [14] [15] [16] [17] .
Related Literature and Contributions:
In [14, 15] , Lee and Chan have studied receive diversity in coherent FSO systems through the derivation of outage probability. Haas et al. have addressed the concept of transmit diversity in [16] and proposed space-time channel codes (inspired from radiofrequency wireless communication literature) through the minimization of pairwise error probability. Both works consider log-normal distribution for amplitude fading and uniform distribution for the phase. An underlying assumption in [14] [15] [16] is that the field of the received signal is spatially coherent with that of the LO. In practice, atmospheric turbulence distorts the coherency of the received wavefront and the resulting imperfect wavefront match between the incoming signal and the LO degrades the coherent system performance. Particularly in cases when the diameter of the receive aperture is larger than the coherence length of the received wavefront, phase distortion becomes a performance-limiting factor and phase compensation needs to be deployed.
In [18] , Belmonte and Kahn have developed a statistical model to characterize the combined effects of turbulenceinduced phase distortion and amplitude fluctuation on the performance of coherent receivers with partial phase compensation. Using this channel model, they have further investigated the outage probability and the spectral efficiency of coherent FSO systems with multiple receive apertures in [17] . In this paper, we adopt the channel model of [18] and study the performance of coherent FSO systems with multiple receive apertures from an information theoretic point of view. Specifically, we investigate the link reliability, as quantified by the "diversity gain" [19] , and the relationship between the link reliability and spectral efficiency, as quantified by the "diversity-multiplexing trade-off (DMT)" [20] . We derive a DMT expression for the finite signal-to-noise ra-tio (SNR) regime that provides insight into the performance mechanisms of coherent FSO systems under practical operation range. The derived expression is shown to be a function of the number of receive apertures ͑M͒ as well as the effective channel parameter ͑K͒, which depends on the turbulence-induced fading characteristics and the number of compensated modes. For a sufficiently large SNR, we demonstrate that the DMT converges to M͑1−r͒ where r is the multiplexing gain. Therefore, the maximum diversity gain (i.e., DMT evaluated at r = 0) is determined by the number of receive apertures. However, interestingly, in the finite-SNR regime (which is also the practical operation range), the diversity order can exceed M. This is a result of the fact that it is determined by not only M but also K, which can be increased by increasing the number of compensated modes. Our results demonstrate that modal compensation acts as an additional diversity source besides multiple apertures at the receiver side.
The rest of the paper is organized as follows: In Section II, we describe the coherent FSO system model under consideration and the Rician channel model adopted in the analysis. In Section III, we derive closed-form expressions for outage probability, finite-SNR DMT, and finite-SNR diversity gain. In Section IV, we present numerical results and finally conclude in Section V. Figure 1 illustrates the block diagram of a coherent FSO system with M heterodyne receivers. Receive apertures are separated by more than a coherence length to ensure the independency of fading channels. The received field at the aperture plane of the kth ͑1 ഛ k ഛ M͒ receiver is given by [ In an optical heterodyne receiver, the field of the received signal should be spatially and temporally coherent with that of the LO in order to maximize the received power [1] . Atmospheric turbulence distorts the coherency of the received signal that is to be mixed with the LO field. To compensate the phase distortion due to the turbulence, either zonal or modal compensation can be deployed [21] . In this paper, we assume modal compensation in which the total phase distortion is expanded into a set of basis functions (modes), such as Zernike polynomials [22] , and then some modes of this expansion are corrected. It has been shown that the residual phase variance after the compensation of J Zernike terms over an aperture with diameter D is given by [22] 
II. SYSTEM DESCRIPTION

A. Signal Model
where the coefficient ⌬ J is determined by the number of compensated modes, and r 0 is the Fried parameter that corresponds to the wavefront coherence diameter. For plane waves and Kolmogrov turbulence, r 0 can be expressed in terms of the wavenumber ͑k͒, the refractive index structure constant ͑C n 2 ͒, and the propagation distance ͑Z͒ as r 0 = 1.68͑C n 2 Zk 2 ͒ −3/5 [23] . 
This constraint ensures that the total LO power in the multiple receiver scenario is equivalent to the LO power in the single receiver case [14] .
The summation of the received optical field and the LO field in each diversity branch passes into a photodetector. The total output current of the system is the summation of the output currents of M photodetectors. After the combination of diversity branches' outputs, a bandpass filter is employed to extract the intermediate frequency (IF) component of the total output current. The IF component of the kth photodetector's output is given by
where x k ͑t͒ is the information-carrying part and n k ͑t͒ is the noise term dominated by the LO shot noise, which can be modeled as additive white Gaussian noise (AWGN) [1] . Consequently, the total IF output signal is given by
where the Gaussian noise term n T ͑t͒ has zero mean and variance of [1] 
Here, e is the electron's charge, h is Planck's constant, is the quantum efficiency of the photodetector, B s is the signal bandwidth, and D k is the aperture diameter of each receiver. 1 Using the results from [1, 18] , x T ͑t͒ can be written as
where f IF = f c − f L is the intermediate frequency and ␣ k represents the effective fading coefficient modeling the channel of the kth diversity branch. Statistical characterization of ␣ k has been developed in [18] , which will be briefly summarized in the following subsection. The output instantaneous SNR of the system after heterodyning and combining diversity branches is given by
where I s = ͉u s ͑t͉͒ 2 denotes the average intensity of the optical signal field and P x T is the output signal power. By using the Cauchy-Schwartz inequality, the values of k s, which maximize SNR can be found as
Consequently, the corresponding SNR at the maximal ratio combiner output is given by
where a k = ͉␣ k ͉ and = I s D 2 / ͑4B s hf c ͒ is the SNR in the absence of turbulence.
B. Channel Model
Let ␣ r,k and ␣ i,k denote the real and imaginary parts of ␣ k , respectively. It is shown in [18] • G is the number of statistically independent patches (i.e., the area within which the received wavefront is approximately coherent) existing in each receive aperture plane and is given by 2 [18]
where ⌫͑ . , .͒ denotes the lower incomplete Gamma function, and 0 is the generalized Fried parameter that corresponds to partially compensated wavefronts. The generalized Fried parameter after the compensation of J Zernike terms is given by 0 Ϸ͑3.44/ ⌬ J ͒ 3/5 0.286J −0.362 r 0 [24] .
Under the assumption that G is large enough and r 2 = i 2 , a k = ͉␣ k ͉ follows the Rician distribution. However, even for r 2 i 2 , it can be approximated by the Rician distribution for most practical purposes [18] . The corresponding Rician probability density function (pdf) is given by
͑11͒
where I 0 ͑ . ͒ is the zeroth-order modified Bessel function of the first kind [25] and
The parameter K is the ratio of the strength of the coherent component to the incoherent one in the detected field and given by [18] 
. ͑12͒
III. DIVERSITY AND MULTIPLEXING GAINS
In this section, we first provide some basic definitions of diversity and multiplexing gains, then present the related derivations for the coherent FSO system under consideration. Diversity and multiplexing gains are two performance measures commonly used in the performance analysis of wireless radio-frequency (RF) multiple antenna systems [26] . There are two potential gains that can be exploited from a multiple antenna system. If the channels between individual transmit-receive antenna pairs experience independent fading, multiple parallel spatial channels are effectively created. By sending different information through these channels, the data rate can be increased in comparison to a single antenna system. This increase in data rate is known as multiplexing gain. On the other hand, one can take advantage of the multiple antenna system to extract diversity gain. By sending the same information through multiple independent channels, independently faded replicas of the information will be obtained at the receiver. Through proper processing of these multiple replicas, one can decrease the error probability. The resulting performance advantage is known as the diversity gain. In general, a scheme that maximizes one gain over a specific communication channel does not guarantee to maximize the other. In fact, it is shown in [20] that there is a trade-off between these two gains called DMT that prevents maximizing both gains simultaneously. DMT characterizes the maximum possible di- 1 For the sake of fair comparison in terms of received signal power, the aperture area of each receiver in the multiple receiver system is assumed to be 1/M times the aperture area of a single receiver sys- versity gain that can be achieved at a given multiplexing gain over a communication channel. Although, this concept was originally proposed for multiple-input-multiple-output (MIMO) systems, DMT can be defined for any communication system including single-input-single-output (SISO). Although the multiplexing gain depends on the coding rate across time and/or space in a MIMO system, it is determined by the coding rate only across time in a SISO system [20] .
A. Asymptotical Versus Finite-SNR DMT
Conventional definitions of diversity and multiplexing gains apply to the asymptotical case when the SNR approaches infinity. The diversity gain is defined as [20] 
where R is the target data rate, is the SNR, and P out ͑R , ͒ is the outage probability. On the other hand, if the data rate R is not fixed and increases with SNR, the multiplexing gain is defined as [20] 
From Eqs. (13) and (14), one can observe that d is in fact a function of r when the data rate is variable. In such cases, it is said that the diversity gain d͑r͒ is achieved at the multiplexing gain r. The curve of d͑r͒ is known as (asymptotical) DMT [20] .
Since conventional definitions apply to the asymptotically high SNRs, definitions for diversity and multiplexing gains for finite-SNR regimes have been further introduced that are particularly useful in evaluating these gains at practical SNR values. The finite-SNR diversity gain is given by [27] d f ͑R,͒ = − ‫ץ‬ log P out ͑R,͒ ‫ץ‬ log . ͑15͒
It represents the negative slope of the log-log plot of the outage probability versus SNR at a target data rate R. When the data rate increases with SNR, the multiplexing gain in the finite-SNR regime is defined as the ratio of the data rate R͑͒ to the capacity of an AWGN channel at a given SNR. It is given by [27] 
By inserting Eq. (16) into Eq. (15), the finite-SNR DMT can be obtained as
It can be readily checked that the definitions of finite-SNR diversity and multiplexing gains are consistent with the asymptotical ones, that is, lim →ϱ d f = d and lim →ϱ r f = r.
B. Derivation of Outage Probability
The outage probability at a given data rate R is defined as [19] P out ͑R͒ = Pr͕I͑␥͒ Ͻ R͖, ͑18͒
where I͑␥͒ = log 2 ͑1+␥͒ is the mutual information between the source and destination. Since I͑ · ͒ is monotonically increasing with ␥, Eq. (18) can be expressed as
where ␥ R = I −1 ͑R͒ =2 R − 1 denotes the threshold SNR that is required to support the rate R. Substituting Eq. (9) into Eq. (19), we have
where y = ͚ k=1 M a k 2 is a complex noncentral chi-square random variable with M degrees of freedom and the noncentrality parameter KM. The pdf of y is given by [28] 
where I M−1 ͑ · ͒ is the ͑M −1͒th-order modified Bessel function of the first kind [25] . Hence, the outage probability is given by
where Q M ͑ , ␤͒ is the generalized Marcum Q-function of order M [29] . It should be noted that our derived expression given by Eq. (22) is different from Eq. (6) of [17] , which seems to be erroneous. 3 
C. Derivation of Finite-SNR DMT
From Eq. (16), we have R͑͒ = r f log͑1+͒. The threshold SNR ␥ R can be obtained in terms of r f and as
Substituting Eq. (23) into Eq. (22) and inserting the resulting expression into Eq. (17), we have
where = ͱ 2KM and ␤ is given by 3 One can readily check that Eq. (6) of [17] is erroneous by inspecting the limiting cases of the parameter K (defined as r in [17] ). Note that r → 0 and r → ϱ respectively correspond to Rayleigh and Gaussian channels. For r → 0, the derived outage probability in [17] goes to −ϱ, whereas it goes to 1 for r → ϱ, which are obviously wrong. The mistake probably comes from the erroneous pdf given by Eq. (5) of [17] used for the noncentral chi-square random variable.
͑25͒
After differentiation and some mathematical manipulation, Eq. (24) yields
ͪ .
͑26͒
Next, we investigate the asymptotic value of the DMT at the high-SNR regime. Expressing the Marcum Q-function in terms of its series form [29] and using the equivalent series form of the modified Bessel function [25] , Eq. (26) can be rewritten as
͑27͒
For → ϱ, we have ␤ → ͱ B r−1 , where B =2͑1+K͒M / a 2 . Noting 0 ഛ r Ͻ min͕1,M͖ [20] , it can be found out that lim →ϱ ␤ = 0. Therefore, the asymptotic value of DMT at high SNR can be obtained as
This result agrees with the asymptotic behavior of DMT for multiple receive antenna systems analyzed in the context of RF communications [20] .
D. Derivation of Finite-SNR Diversity Gain for a Fixed Data Rate
When the data rate R is kept fixed, the threshold SNR value ␥ R is constant (i.e., not a function of ). Substituting Eq. (22) into Eq. (15), we obtain the finite-SNR diversity gain, which turns out to have an identical form of Eq. (24), where ␤ is now given by ␤ = ͱ 2͑1+K͒M␥ R / ͑a k 2 ͒. Consequently, we obtain
In the high-SNR regime (i.e., → ϱ), we have
demonstrating that the diversity gain is determined by the number of receive apertures. For a sanity check, note that, in the high-SNR regime, the diversity gain at a fixed rate R is expected to be equal to the DMT evaluated at r = 0. For r =0, Eq. (28) yields M, which coincides with Eq. (30).
IV. NUMERICAL RESULTS AND DISCUSSIONS
In this section, we present numerical results for the outage probability, finite-SNR DMT, and diversity gain derived in the previous sections. We assume an FSO system with wavelength = 1.55 m operating under turbulence conditions with C n 2 =5ϫ 10 −14 m −2/3 . The path length is Z =1 km and the aperture diameter of "the equivalent" single receiver is chosen as D =25 cm.
Before we present information theoretic results, we first validate the underlying statistical model for the system with the above characteristics. In Fig. 2 , we use the Monte Carlo method to simulate the exact channel of each diversity branch for different numbers of receive apertures ͑M͒ assuming that J = 3 Zernike modes are compensated in each aperture. The Rician pdf used in the theoretical derivation is provided as well. It is observed from Fig. 2 that the simulated data and Rician pdf provide a very good match. To quantify the statistical matching, we have also calculated the overlapping coefficient ⌬ [30] between two pdfs. ⌬ =1 means that two pdfs are exactly the same, and ⌬ = 0 means two pdfs are completely distinct. In our case, we have found ⌬ = 0.9992, ⌬ = 0.9942, ⌬ = 0.9896, and ⌬ = 0.9836 for M =1, 2, 3, and 4, respectively. Figure 3 demonstrates the outage probability given by Eq. (22) along with the Monte Carlo simulation versus normalized turbulence-free SNR (i.e., / ␥ R ) for various numbers of receive apertures M =1,2,3,4 and J = 3 compensated modes in each aperture. We observe a very good match between analytical and simulation results. 4 The required SNR to achieve a target outage probability of 10 −5 for M =1 is 64 dB (not shown in the figure for the brevity of presentation). Through the deployment of multiple apertures, we observe impressive performance gains (in terms of power efficiency) of 30, 42.5, and 48 dB, respectively, for M =2,3, and 4 in comparison to the benchmark scheme of a single receive aperture system. It is also observed that, in the high-SNR regime, the diversity gain is determined by the number of receive apertures as expected from our analytical result given by Eq. (30) . Figure 4 illustrates the finite-SNR DMT given by Eq. (26) for a system with M = 2 and J = 6 assuming SNR= 10, 20, 30, 60 dB. It is interesting to note that for practical SNR values, the maximum diversity gain does not occur at zero multiplexing gain. This is mainly due to the presence of the coherent component in the received field, which is a phenomenon also observed in wireless RF systems [27, 31] . Recall from Eq. (26) that the finite-SNR DMT is a function of not only the number of receive apertures but also the parameter K, which is defined as the ratio of the strength of the coherent component to the incoherent one in the detected field. When the SNR increases, the incoherent (random) component begins to dominate the system performance and the DMT curve gradually approaches its asymptotic value, i.e., the plot labeled with SNR= ϱ. Figure 5 depicts the finite-SNR diversity gain for a fixed data rate given by Eq. (29) assuming a different number of receive apertures M =1,2,3,4 and J = 3. It is observed that, for M = 1, the maximum diversity gain is achieved in the high-SNR regime. In this case, the strength of the coherent component to the incoherent one in the detected field (quantified by K) is so small that the effective channel distribution approaches Rayleigh distribution. As M increases, K improves and consequently, the maximum diversity gain occurs at a finite value of the SNR. In this range of moderate SNRs, the coherent component is the dominating factor and results in a peak in the finite-SNR diversity gain. As the SNR increases, the incoherent component begins to dominate and decreases the diversity gain, which finally converges to the asymptotical one determined by the number of receive apertures.
In Figs. 4 and 5, we have observed the effect of the coherent component (through dependence on K) on the performance. One can check from Eq. (12) that K is a function of several channel parameters and the number of compensated modes ͑J͒, the latter of which is in fact a system design parameter. In Fig. 6 , we study the effect of J on the finite-SNR diversity gain. We assume J =1,6,11,21 and consider M = 1. Similar to our observations in Fig. 5 for M = 1, when J = 1 (only the "piston" mode is compensated), K is very small, and consequently, the effective channel behaves like Rayleigh distribution and causes maximum diversity gain to occur in the high-SNR regime. But, as J increases, the finite-SNR diversity gain takes larger values. This actually indicates that modal compensation acts as an additional diversity source besides multiple apertures in the finite-SNR regime. Nevertheless, the asymptotic value for all cases converges to the number of receive apertures (M = 1 in this example) as expected from Eq. (30) .
As our results demonstrate, both multiple receivers and modal compensation provide diversity gains. Preference of one method to another or simultaneous deployment depends on the cost and complexity issues. In the absence of atmospheric fading, deployment of a large receive aperture increases the total received signal power and therefore improves the system performance. On the other hand, the presence of atmospheric turbulence causes the incoherency of the received field and this results in significant performance degradation particularly for large apertures. For performance improvement, one can increase the number of compensated modes, but this comes at the cost of higher complexity. Alternatively, one can create an effective large aperture at the receiver by deploying multiple smaller apertures whose total aperture area is equal to that of the large one. When the diameter of each aperture becomes smaller, the received wavefront is more coherent over each aperture compared to the system with a larger aperture. Therefore, only a few first modes can be compensated to yield a desirable performance, and high-order compensation is not required.
V. CONCLUSION
In this work, we have analyzed the performance of receive diversity in coherent FSO systems considering both atmospheric turbulence-induced amplitude fluctuation and phase aberration. A modal compensation technique is deployed at each receive aperture to mitigate the turbulence-induced wavefront phase distortion. We have derived closed-form expressions for the diversity gain, which quantifies the link reliability and the DMT, which quantifies the compromise between link reliability and spectral efficiency (i.e., multiplexing gain). For a sufficiently large SNR, we demonstrate that the DMT converges to M͑1−r͒, where M and r, respectively, denote the number of receive apertures and multiplexing gain. Asymptotical diversity gain (i.e., DMT evaluated at r = 0) is therefore determined by the number of receive apertures. Our results further demonstrate that for practical SNR values the diversity gain can be larger than M as a result of the phase compensation deployed in the system. In other words, phase compensation acts as an additional diversity source besides the diversity gain offered by the multiple apertures.
